Published by Institute of Physics Publishing for SISSA/ISAS Received: March 10, 2002 Revised: May 11, 2002 Accepted: May 13, 2002

Crosscap states for orientifolds of euclidean AdS_3

Yasuaki Hikida

Department of Physics, Faculty of Science, University of Tokyo Hongo 7-3-1, Bunkyo-ku, Tokyo 113-0033, Japan E-mail: hikida@hep-th.phys.s.u-tokyo.ac.jp

Abstract: Crosscap states for orientifolds of euclidean AdS_3 are constructed. We show that our crosscap states describe the same orientifolds which were obtained by the classical analysis. The spectral density of open strings in the system with orientifold can be read from the Möbius strip amplitudes and it is compared to that of the open strings stretched between branes and their mirrors. We also compute the Klein bottle amplitudes.

Keywords: Bosonic Strings, D-branes, Conformal Field Models in String Theory.

© SISSA/ISAS 2002 http://jhep.sissa.it/archive/papers/jhep052002021 /jhep052002021 .pdf

Contents

1. Introduction 1

2. Review of string theories on AdS_3 2

3. Boundary states for AdS_2 branes 4

4. Constraints for one point functions on RP^2 7

5. Crosscap states for orientifolds 9

6. Conclusion 11

A. Several useful formulae 12

1. Introduction

The string theories on AdS_3 have been much investigated in recent years because they can be used to analyze the AdS/CFT correspondence [1] beyond supergravity approximation. These theories have non-trivial NSNS H-flux and can be described by the SL(2, R) WZW models.^1 The closed string sector of these models has been studied for a decade. The open string sector is now actively investigated by using the classical analysis [2]–[6] and conformal field theory [7]–[13]. The application to the AdS/CFT correspondence was also given in [14].

The unoriented sector of the models can be obtained by including orientifolds. In the terms of conformal field theory, D-branes are described by boundary states [15, 16]. Orientifolds can also be described by crosscap states [17, 18], thus we can analyze the unoriented sector in the similar way as the open string sector. Crosscap states in WZW models were investigated by algebraic way [19, 20, 21] and recently geometric aspects of crosscap states have been studied [22]–[26].

In this paper, we follow the analysis of boundary states in euclidean AdS_3 [7, 10, 12, 13] which use the methods first developed in the context of Liouville field theory with boundary [27]–[33]. The information of boundary states can be given by one point functions on the disk, however they are difficult to calculate directly. If we consider two point functions on the disk, we can obtain some constraints on one point functions by comparing two different expansions [34] and one point functions are determined by solving these

1The string theories on euclidean AdS3, which will be studied in this paper, can be described by the SL(2, C )/ SU(2) WZW models.

– 1 – constraints. Now we are interested in the case of crosscap states and the same information can be given by one point functions on worldsheet of RP^2. Just as the case of boundary states, we compare two different expansions of two point functions and determine one point functions by solving constraints we obtain [35].

The organization of this paper is as follows. In section 2, we review the closed string sector of string theories on AdS_3 and discuss the geometry of D-branes and orientifolds. In section 3, boundary states are constructed by following the analysis of [12, 13]. In section 4, we obtain constraints of one point functions on RP^2 and find generic solutions. In section 5, we propose crosscap states for orientifolds with the correct geometry. Using the crosscap states, we compute Klein bottle and Möbius strip amplitudes. From the information of the Möbius strip amplitudes, we compare the spectral density of open strings in the system with orientifolds to that of open strings stretched between the mirror branes. The conclusion and discussions are given in section 6. In appendix A, we summarize the useful formulae.

2. Review of string theories on AdS_3

The lorentzian AdS_3 can be given by the hypersurface as

(X_0)^2 − (X_1)^2 − (X_2)^2 + (X_3)^2 = L^2 , (2.1)

where L is the radius of AdS_3 space and we will set L = 1 for a while. The euclidean AdS_3 (H^3_+) can be obtained by the Wick rotation X^3 = iX^3_E . This space can be also realized by SL(2, C )/ SU(2) group manifolds as g = ( γγ̄e^ϕ + e^{−ϕ} −γe^ϕ −γ̄e^ϕ e^ϕ ) (2.2)

whose metric can be given by

ds^2 = dϕ^2 + e^{2ϕ}dγdγ̄ . (2.3)

The coordinate ϕ describes the radial direction and ϕ → ∞ corresponds to the boundary of euclidean AdS_3, where γ and γ̄ become the coordinates of the boundary.

The string theory on this background is given by the SL(2, C )/ SU(2) WZW models and they were well investigated.^2 The important class of functions on H^3_+ is given by Φ_j(x, x̄, z, z̄) = 1 − 2j π ( 1 e^{−ϕ} + |γ − x|^2e^ϕ )_{2j} , (2.4)

which have the spin j under the transformation of SL(2, C ) and x, x̄ labels some quantum numbers.^3 The SL(2, C )/ SU(2) WZW models have conserved currents and primary states. The primary states correspond to the functions (2.4) and transform as J^a(z)Φ_j (x, x̄, w, w̄) ∼ − D^a z − w Φ_j (x, x̄, w, w̄) . (2.5) 2See, for example, [37].

3The labels x, x̄ can be also identified as the boundary coordinates in the sense of AdS/CFT correspondence [1].

– 2 –

Here a = ±, 3 and D^a are given by

D^+ = ∂ ∂x , D^3 = x ∂ ∂x + j , D^− = x^2 ∂ ∂x + 2jx . (2.6)

The anti-holomorphic currents are defined in the same way. The energy momentum tensor is given by Sugawara construction as T = 1 2(k − 2) ( J^+J^− + J^−J^+ − 2J^3J^3 ) , (2.7)

where k is the level of the models which is related to the radius L. The conformal weights of the primary fields (2.4) can be calculated by this energy momentum tensor as

Δ_j = − j(j − 1) k − 2 . (2.8)

The normalizable mode has the spin j = 1/2 + is, s ∈ R and the Hilbert space of SL(2, C )/ SU(2) WZW models can be decomposed by this label. Precisely speaking, this is the double counting because the states with j and 1 − j are related as Φ_j(x, x̄, z, z̄) = R(j) 2j − 1 π ∫ d^2y|x − y|^{−4j} Φ_{1−j}(y, ȳ, z, z̄) , (2.9) where R(j) = ν^{1−2j} Γ(1 − u(2j − 1)) Γ(1 + u(2j − 1)) , ν = Γ(1 − u) Γ(1 + u)

, (2.10)

and we use u = 1/(k − 2). Two point functions were calculated in [38] as ⟨Φ_j (x, x̄, z, z̄)Φ_j′ (y, ȳ, w, w̄)⟩ = = 1 |z − w|^{4Δj} δ^{(2)}(x − y)δ ( j + j^′ − 1 ) + B(j) |z − w|^{4Δj} |x − y|^{4j} δ ( j − j^′ ) , (2.11)

where B(j) = ν^{1−2j} 2j − 1 π Γ(1 − u(2j − 1)) Γ(1 + u(2j − 1))

. (2.12)

In order to include branes and orientifolds, it is convenient to introduce other parametrizations of lorentzian AdS_3 space as

X_1 = cosh ψ sinh ω , X_2 = sinh ψ , X_0 + iX_3 = cosh ψ cosh ωe^{it} , (2.13)

where the metric is given by

ds^2 = dψ^2 + cosh^2 ψ ( − cosh^2 ωdt^2 + dω^2 ) . (2.14)

The euclidean version of AdS_3 space can be obtained by the Wick rotation t_E = it just as before.

Maximally symmetric branes were investigated in [2, 3, 4] classically and the geometry of physical branes was identified as AdS_2 space, which corresponds to constant ψ slice in the coordinates (2.13). The open string stretched between two branes can be described

– 3 – by worldsheet with boundary, and hence we have to assign boundary conditions to currents. The boundary conditions for maximally symmetric branes are given in the terms of boundary states as^4 (J^a_n + J̄^a_{−n})|B⟩ = 0 . (2.15)

In the next section, we will construct this type of boundary states by following the analysis of [12, 13].

The geometry of the orientifolds was already discussed in [24]. Orientifold operations are given by the combination of worldsheet parity reversal (Ω : σ → 2π − σ) and space time Z_2 isometries (h = diag(±1, ±1, ±1, ±1) in the coordinates (2.1)). However, in order to preserve the non-trivial H-flux, we have to choose h which reverse the orientation of manifolds. Moreover orientifolds must be time-like surfaces, therefore we can only use h = (+1, +1, −1, +1).^5 This means ψ = 0 slice in the coordinates (2.13), thus the geometry of orientifolds is AdS_2 space. The corresponding crosscap states obey the conditions like boundary states as ( J^a_n + (−1)^nJ̄^a_{−n} ) |C⟩ = 0 . (2.16)

In section 4 and 5, we will construct this type of crosscap states and study their properties.

3. Boundary states for AdS_2 branes

Boundary states can be constructed from the information of one point functions on the disk with some boundary conditions. The ansatz for one point function obeying the condition (2.15) was proposed in [12, 13] as ⟨Φ_j (x, x̄, z, z̄)⟩_Θ = U^±_Θ (j) |x − x̄|^{2j} |z − z̄|^{2Δj} , (3.1)

where + for x_2 > 0 and − for x_2 < 0 (x = x_1 + ix_2). We have used Θ as the label of boundary conditions. The solution which obeys the boundary conditions (2.15) is locally given by |x − x̄|^{−2j} . This solution has singular points along Im x = 0, thus we can use the different ansatz across this line. From the viewpoint of AdS/CFT correspondence, the AdS_2 branes can be domain walls to the boundary CFT at Im x = 0, therefore the discontinuity can be allowed. However the coefficients U^+_Θ and U^−_Θ are not independent but related by the reflection relations (2.9) as (y = y_1 + iy_2)

U^±_Θ (j) |x − x̄|^{2j} = R(j) 2j − 1 π (∫ y_2>0

d^2y U^+_Θ (1 − j)|x − y|^{−4j} |y − ȳ|^{2(1−j)} + ∫ y_2<0

d^2y U^−_Θ (1 − j)|x − y|^{−4j} |y − ȳ|^{2(1−j)} ) . (3.2) Integrating this equations, we obtain the following simple relations as

U^±_Θ (j) = R(j)U^∓_Θ (1 − j) . (3.3)

4The notation of currents is different from that of [8], so the same boundary conditions are given in the different way.

5We can use the ones rotated by the symmetries.

– 4 –

Rewriting the coefficients as

U^±_Θ (j) = Γ (1 − u(2j − 1)) ν^{1/2−j} f^±_Θ (j) , (3.4)

we get the relations for f^±_Θ (j) as

f^±_Θ (j) = f^∓_Θ (1 − j) . (3.5)

As we mentioned in the introduction, one point functions are difficult to calculate and hence we utilize two point functions. However general two point functions are also difficult to calculate, therefore we make use of the state Φ_{−1/2} belonging to the degenerate representation. This state has the properties which make the analysis very simple as

∂^2_xΦ_− 1_2 (x, x̄, z, z̄) = 0 , (3.6)

and hence the operator product expansions with Φ_j include only two terms Φ_− 1_2 (x, x̄, z, z̄)Φ_j(y, ȳ, w, w̄) ∼ C_+(j)|z − w|^{2u(1−j)}|x − y|^2Φ_{j+} 1_2 (y, ȳ, w, w̄) + + C_−(j)|z − w|^{2uj} Φ_{j−} 1_2 (y, ȳ, w, w̄) . (3.7)

The coefficients were obtained in [38] as

C_+(j) = ν

Γ(−u)Γ(1 + 2u) Γ(−2u)Γ(1 + u) , C_−(j) =

Γ(−u)Γ(1 + 2u)Γ(u(2j − 2))Γ(1 − u(2j − 1)) Γ(−2u)Γ(1 + u)Γ(u(2j − 1))Γ(1 − u(2j − 2))

. (3.8)

From these reasons we can calculate the following two point functions ⟨ Φ_− 1_2 (x, x̄, z, z̄)Φ_j (y, ȳ, w, w̄) ⟩ Θ , (3.9)

which will be used to obtain the constraints on one point functions. If one state approaches to another state (z → w, x → y), it is natural to use the previous OPE (3.7) and if the states become close to the boundary, it is natural to expand by boundary operators. Comparing the two expansions, we find the constrains as

2 sinh Θ · f^+_Θ (j) = f^+_Θ ( j + 1 2 ) − f^+_Θ ( j − 1 2 ) , (3.10)

and general solutions can be given by the linear combinations of

f^±_Θ (j) = e^{±(2πin+Θ)(2j−1)} , e^{±(πi(2n+1)−Θ)(2j−1)} , n ∈ Z . (3.11)

The authors [12, 13] proposed the solutions which correspond to the boundary states for AdS_2 branes as f^±_Θ (j) = Ce^{±Θ(2j−1)} , (3.12)

– 5 – where C is some constant^6 independent of j. The corresponding boundary states are given by

|Θ⟩_C = ∫ 1 2 +iR_+ dj (∫ x_2>0

d^2x

U^+_Θ (1 − j) |x − x̄|^{2(1−j)} |j, x, x̄⟩_I + ∫ x_2<0

d^2x

U^−_Θ (1 − j) |x − x̄|^{2(1−j)} |j, x, x̄⟩_I ) , (3.13) where |j, x, x̄⟩_I are “Ishibashi” boundary states based on the primary states |j, x, x̄⟩.

In fact, the terminology of “Ishibashi” boundary states is not accurate. The usual Ishibashi boundary states are defined by |j⟩_I = ∑ I,J M^{−1}_{IJ} J_{−I}J̄_{−J} |Φ_j ⟩ , (3.14)

which obey the conditions (2.15) [15, 9]. The labels I, J are defined by the ordered set of (a_i, n_i) (n_i ≥ 0) and J_I = J^{a1}_{n1} , . . . , J^{ar}_{nr} . The coefficients M_{IJ} are defined by M_{IJ} = ⟨Φ_j |J_I J_{−J} |Φ_j⟩. In our case, there is a discontinuity along Im x = 0, thus the decomposition by the label x, x̄ might be needed. Then the “Ishibashi” boundary states are defined by using the basis |j, x, x̄⟩ and restricting the summation to non-zero modes as |j, x, x̄⟩_I =~ ∑ I,J M^{−1}_{IJ} J_{−I}J̄_{−J} |j, x, x̄⟩ . (3.15) The geometry of the branes which the boundary states describe can be seen in the large k limit by scattering with the closed string states |g⟩ which are localized at g [36] as ⟨g|j, x, x̄⟩ = Φ_j(x, x̄|g) . (3.16) The overlaps with the boundary states were calculated in [12, 13] and the results are given by lim_{k→∞} ⟨g|Θ⟩_C = 1 4π δ(sinh ψ − sinh Θ) , (3.17)

thus we can see that the boundary states (3.13) describe AdS_2 branes at ψ = Θ.

The annulus amplitudes can be given by the overlaps between two boundary states as

C ⟨Θ_1|q̃^{12} (^{L0+L̄0− c12} )|Θ_2⟩_C = ∫ 1 2 +iR_+ dj (∫ x_2>0

d^2x

U^+_{Θ1} (j)U^+_{Θ2} (1 − j) |x − x̄|^2 + (3.18)

+ ∫ x_2<0

d^2x

U^−_{Θ1} (j)U^−_{Θ2} (1 − j) |x − x̄|^2 ) q̃^u(^{j− 12} )^2 η(q̃)^3 , where q̃ = e^{2πi(−1/τ )} is the closed string modulus and c is the central charge of the model. Using the modular transformation, the amplitudes can be transformed into the open string channel. The modular transformation is given by sq̃^{us2} η(q̃)^3 = 2 √ 2u ∫_∞ 0 ds^′ sin(4πuss^′) s^′q^{us′2} η(q)^3

, q = e^{2πiτ} , (3.19)

6We will set C = 1 because it does not affect the arguments below.

– 6 – where we use the modular transformation of η function (A.10) and the annulus amplitudes can be rewritten as

C ⟨Θ_1|q̃^{12} (^{L0+L̄0− c12} )|Θ_2⟩_C = = ∫ d^2x 1 |x − x̄|^2 ∫_∞ 0 ds^′ √ 2uπ sinh(2πs^′)s^′ cosh

(_1 u (Θ_1 − Θ_2) ) + cosh(2πs^′) q^{us′2} η(q)^3

. (3.20)

The x integral would be divergent, but this can be interpreted as the divergence due to the integration of the infinite worldvolume of AdS_2 branes. The spectral density can be read from the annulus amplitude as ρ(s) ∝ sinh(2πs)s cosh(^1_u (Θ_1 − Θ_2)) + cosh(2πs)

, (3.21)

where the spectrum belongs to the continuous series. We should note that the coefficients are not integers but non-negative real numbers, contrary to the rational conformal field theory case.

4. Constraints for one point functions on RP^2

Orientifolds can be described by crosscap states, which can be obtained by the information of one point functions on RP^2. The ansatz for one point function can be given just like the case of the boundary states as ⟨Φ_j (x, x̄, z, z̄)⟩_{RP}2 = U^±_C (j) |x − x̄|^{2j} |1 + zz̄|^{2Δj} . (4.1)

The x dependence can be determined by the conditions (2.16) and the ansatz of + and − are given for x_2 > 0 and x_2 < 0, respectively. The discontinuity across Im x = 0 exists for the same reasons as the boundary states case. The z dependence can be obtained by the mirror technique of unoriented worldsheet. When we construct the boundary states for D-branes, we use the disk amplitude, which is essentially identical to the amplitude on the upper half plane. By using the mirror image technique, we can map the upper half plane to the whole plane and vice versa. The reflection I(z) = z̄ is used and it gives the fixed line at Im z = 0. Now we are considering the unoriented worldsheet. In this case, the reflection I(z) = −1/z̄ is used and the worldsheet can be restricted to the upper half plane. This action gives no fixed line and the geometry becomes RP^2. The one point function on the upper half plane can be given by the two point function on the whole plane by making use of this reflection.

The analysis used in the previous section can be applied to the case of orientifolds [35]. We again utilize the two point function on RP^2 with the primary Φ_{−1/2} as ⟨ Φ_− 1_2 (x, x̄, z, z̄)Φ_j(y, ȳ, w, w̄) ⟩ RP^2 . (4.2)

Just as the case of the boundary states, we expand this quantity by two different ways and we obtain the constraints by comparing the two expansions. One way to express this

– 7 – quantity is to make use of the operator product expansion (3.7). This expansion is natural when the two primaries are close (z → w, x → y) and it is given by^7 ⟨ Φ_− 1_2 (x, x̄, z, z̄)Φ_j(y, ȳ, w, w̄) ⟩ RP^2 = |y − ȳ|^{−1−2j} |x − ȳ|^{−2} |1 + ww̄|^{− 3u}2^{−2Δj} |1 + zw̄|^{−3u} × (4.3) × ( C_+(j)U^+_C ( j + 1 2 ) F_+(χ, η) + C_−(j)U^+_C ( j − 1 2 ) F_−(χ, η) ) , where we have defined the cross ratios as χ = |x − y|^2 (x − x̄)(y − ȳ) , η = |z − w|^2 (1 + zz̄)(1 + ww̄)

. (4.4)

The functions F_±(χ, η) are four point conformal blocks which were calculated in [38] as

F_+(χ, η) = η^{u(1−j)}(1 − η)^{uj} ( χF (−u, u + 1, 1 − u(2j − 1); η) +

+ uz 1 − u(2j − 1)

F (1 − u, u + 1, 2 − u(2j − 1); η) ) ,

F_−(χ, η) = η^{uj} (1 − η)^{uj} ( 2jχ 1 − 2j F (1 + 2uj, 2u(j − 1), 1 + u(2j − 1); η) +

+ F (2uj, 2u(j − 1), u(2j − 1); η) ) . (4.5)

We use F (a, b, c; η) as the hypergeometric functions whose properties are summarized in appendix A.

The other way to express the two point function (4.2) is to use the operator product expansion between Φ_{−1/2} and the mirror image of Φ_j. It is natural to use this expansion when z approaches to −1/w̄ and x approaches to ȳ, namely, when it can be expanded by 1 − η and 1 − χ. Noticing Im ȳ < 0 from the assumption, we obtain ⟨ Φ_− 1_2 (x, x̄, z, z̄)Φ_j(y, ȳ, w, w̄) ⟩ RP^2 = |y − ȳ|^{−1−2j} |x − ȳ|^{−2} |1 + ww̄|^{− 3u}2^{−2Δj} |1 + zw̄|^{−3u} × (4.6) × ( C_+(j)U^−_C ( j + 1 2 ) F_+(1 − χ, 1 − η) + C_−(j)U^−_C ( j − 1 2 ) F_−(1 − χ, 1 − η) ) . Comparing two expansions (4.3) and (4.6), we get the constraints of the coefficients U^±_Θ (j). When comparing them, we use the following relations obtained by using the formula for hypergeometric functions in appendix A as

F_+(χ, η) =

Γ(1 − u(2j − 1))Γ(1 − u(2j − 1)) Γ(1 − u(2j − 2))Γ(1 − 2uj) F_−(1 − χ, 1 − η) − − Γ(1 − u(2j − 1))Γ(u(2j − 1)) Γ(−u)Γ(1 + u)

F_+(1 − χ, 1 − η) ,

7We assume Im y > 0 and hence we use U^+(j). If we use Im y < 0, we should replace ± by ∓ in the following discussions.

– 8 –

F_−(χ, η) = Γ(u(2j − 1))Γ(u(2j − 1))

Γ(u(2j − 2))Γ(2uj)

F_+(1 − χ, 1 − η) − − Γ(1 + u(2j − 1))Γ(−u(2j − 1)) Γ(−u)Γ(1 + u)

F_−(1 − χ, 1 − η) . (4.7)

Using the expressions of C_±(j) (3.8) and f^±_C (j) defined by

U^±_C (j) = Γ(1 − u(2j − 1))ν^{1/2−j} f^±_C (j) , (4.8)

we obtain the following constraints as

f^+_C ( j − 1 2 ) sin(2πuj) + f^+_C ( j + 1 2 ) sin(πu) = f^−_C ( j + 1 2 ) sin(πu(2j − 1)) ,

f^+_C ( j + 1 2 ) sin(2πu(j − 1)) − f^+_C ( j − 1 2 ) sin(πu) = f^−_C ( j − 1 2 ) sin(πu(2j − 1)) . (4.9)

General solutions of these equations are given by

f^±_C (j) = ±C(j) cos ( πu ( j − 1 2 )) , (4.10)

where C(j) are sort of phase factors which satisfy

C(j + 1) = −C(j) , C(1 − j) = −C(j) . (4.11)

5. Crosscap states for orientifolds

The AdS_2 orientifolds are located on ψ = 0 in the coordinates (2.13) and hence we have to construct the crosscap states which reproduce the geometry in the classical limit (k → ∞). Therefore we propose the following solutions

U^+_C ( j = 1 2 + is ) = ν^{−is} cosh(πus)Γ(1 − 2ius) , (5.1)

where we restrict the label j to the normalizable mode. Because of this restriction we can use trivial phase factors which still satisfy (4.11) along the shift of the real part of j. At this stage, we can say at most that the solutions should be (5.1) in the classical limit. However we will see below that the spectral density of open strings in the system with orientifold reproduces that of open strings stretched between the mirror branes. From these reasons we believe that our solutions are correct ones. The crosscap states are constructed by these solutions as |C⟩_C = ∫ 1 2 +iR_+ dj (∫ x_2>0

d^2x

U^+_C (1 − j) |x − x̄|^{2(1−j)} |C; j, x, x̄⟩_I +

+ ∫ x_2<0

d^2x

U^−_C (1 − j) |x − x̄|^{2(1−j)} |C; j, x, x̄⟩_I ) , (5.2)

where |C; j, x, x̄⟩_I are “Ishibashi” crosscap states based on the primary states |j, x, x̄⟩. These states are defined just as the “Ishibashi” boundary states.

– 9 –

The spectrum of closed strings in the system with orientifold can be read from the Klein bottle amplitude. This amplitude can be obtained from the overlap between two crosscap states and it is given by

C ⟨C|q̃^{12} (^{L0+L̄0− c12} )|C⟩_C = ∫ 1 2 +iR_+ dj (∫ x_2>0

d^2x

U^+_C (j)U^+_C (1 − j) |x − x̄|^2 +

+ ∫ x_2<0

d^2x

U^−_C (j)U^−_C (1 − j) |x − x̄|^2 ) q̃^{us2} η(q̃)^3 = ∫ d^2x 1 |x − x̄|^2 ∫_∞ 0 ds cosh(πus)2πus sinh(2πus) q̃^{us2} η(q̃)^3

. (5.3)

By using the modular transformation (3.19), we obtain

C ⟨C|q̃^{12} (^{L0+L̄0− c12} )|C⟩_C = ∫ d^2x 1 |x − x̄|^2 ∫_∞ 0 ds^′ √ 2uπs^′ tanh(2πs^′) q^{us′2} η(q)^3

, (5.4)

and the spectral density can be read as ρ(s) ∝ s tanh(2πs)

. (5.5)

This quantity may be derived directly but it seems difficult since it depends on the regularizations. Thus we will only compare below the spectral density of open strings which can be easily compared with the spectral density previously obtained (3.21).

The spectrum of open strings in the presence of orientifold can be read from the Möbius strip amplitudes. It is convenient to use the following characters [19] in the calculation as

χ̂_j (q) = e^{−πi(Δj − c24 )}χ_j(− √ q) , (5.6)

where we are using the characters

χ_s(q) = q^{us2} η(q)^3

. (5.7)

The Möbius strip amplitudes are obtained as the overlaps between boundary states and crosscap state as

C ⟨Θ|q̃^{12} (^{L0+L̄0− c12} )|C⟩_C = ∫ 1 2 +iR_+ dj (∫ x_2>0

d^2x

U^+_Θ (j)U^+_C (1 − j) |x − x̄|^2 +

+ ∫ x_2<0

d^2x

U^−_Θ (j)U^−_C (1 − j) |x − x̄|^2 ) χ̂_s(q̃) = ∫ d^2x 1 |x − x̄|^2 ∫_∞ 0 ds cosh(πus) cos(2Θs)2πus

sinh(2πus) χ̂_s(q̃) . (5.8)

In the case of Möbius strip amplitudes, the modular transformation can be given by socalled P transformation (P = T^{1/2}ST^2ST^{1/2}) [19]. It transforms τ → −1/(4τ) and in this case se^{2πτ us2} η(τ)^3 = 2 √ u ∫_∞ 0 ds^′ sin(2πuss^′) s^′e^{2π(−1/4τ )us′ 2} η ( −^1_{4τ}

)_3 . (5.9)

– 10 –

Using this modular transformation, we obtain

C ⟨Θ|q̃^{12} (^{L0+L̄0− c12} )|C⟩_C = ∫ d^2x 1 |x − x̄|^2 ∫_∞ 0 ds^′ ( √ uπ/4) sinh(2πs^′)s^′ cosh(2πs^′) + cosh

(_2 u Θ )χ̂_s′ (q) , (5.10)

and the spectral density can be read as ρ(s) ∝ sinh(2πs)s cosh(2πs) + cosh

(_2 u Θ ) . (5.11)

This density is the same as that of open strings stretched between the branes and their mirrors, namely, the density (3.21) with Θ_1 = Θ and Θ_2 = −Θ.

This correspondence is not accidental. The Möbius strip amplitudes are reconstructed by the information of the annulus amplitudes and the behavior of the open string states under the orientifold operation [24]. As we said in section 2, the orientifold operation can be given by the combination of worldsheet parity reversal Ω and space Z_2 isometries h. In the coordinates (2.2), h acts as h : ϕ → ϕ , γ → γ̄ , γ̄ → γ , (5.12) and for the boundary coordinates as x → x̄ and x̄ → x. Therefore the functions (2.4) do not change under this operation and hence the orientifold operation are expected to be independent of j. Moreover the currents are transformed by the orientifold operation as J^a → J̄^a. By following the analysis of [23] and using the above information, we can show that the Möbius strip amplitudes (5.10) can be correctly reconstructed by using the cylinder amplitudes between the boundary states for the mirror branes (3.18). This is an attractive result and from this reason we can rely on our choice of the solutions (5.1).

6. Conclusion

We construct the crosscap states for the orientifolds of euclidean AdS_3 from the solutions of one point functions on RP^2 (5.1). In the classical limit, we can show that these crosscap states describes the orientifolds with correct geometry. The Klein bottle and Möbius strip amplitudes are calculated and the open string spectrum in the system with orientifold is compared to the spectrum of open strings between D-branes and their mirrors.

We have to do more checks to obtain more evidences that our choice of solutions is correct. One way is to make more constraints by using other primaries. This seems to be very complicated but in principle we can do. The other way is to compute the spectral density directly by other methods and to compare with ours. Since our orientifolds have infinite volumes, we have to use some regularizations. In [13], the open string spectrum was derived directly and compared by using the cut-off regularization. The leading terms are removed by using the boundary states with reference boundary conditions Θ_∗. Therefore in order to follow their methods in our case, we might have to find the similar reference crosscap states. In our paper, we closely follow the discussions in [12] and the spectral density is identified as the part which scales as the volume of D-branes or orientifolds.

– 11 –

However, the usual regularization might be given by the cut-off regularization, thus it is important to study the relation between these regularizations.^8

Compared to the boundary states, many crosscap states are left to be constructed. For example, it would be interesting to construct the crosscap states in Liouville theory or the orientifolds in SU(N) WZW models wrapping on the twisted conjugacy classes like ours. It seems also important to apply to the AdS/CFT correspondence in the system with orientifold.

Acknowledgments We would like to thank Y. Sugawara and K. Hosomichi for useful discussions.

A. Several useful formulae The hypergeometric functions have the following properties under the reparametrizations F (a, b, c; z) = (1 − z)^{c−a−b}F (c − a, c − b, c; z) , (A.1) F (a, b, c; 1 − z) = Γ(c)Γ(c − a − b) Γ(c − a)Γ(c − b) F (a, b, 1 − c + a + b; z) + (A.2) + z^{c−a−b} Γ(c)Γ(a + b − c) Γ(a)Γ(b) F (c − a, c − b, 1 + c − a − b; z) . The Gauss recursion formulae for the parameters (a, b, c) are given by cF (a, b, c; z) − (c − b)F (a, b, c + 1; z) − bF (a, b + 1, c + 1; z) = 0 , (A.3) cF (a, b, c; z) + (b − c)F (a + 1, b, c + 1; z) − b(1 − z)F (a + 1, b + 1, c + 1; z) = 0 , (A.4) cF (a, b, c; z) − cF (a + 1, b, c; z) + bzF (a + 1, b + 1, c + 1; z) = 0 . (A.5) We often use the following formulae for Gamma function as Γ(1 + z) = zΓ(z) , (A.6) Γ(1 − z)Γ(z) = π sin(πz)

, (A.7)

Γ(1 + ix)Γ(1 − ix) = πx sinh(πx)

, (A.8)

where z is an arbitrary complex number and x is a real number.

The Dedekind η function is defined by

η(τ) = q^{124} ∞∏ n=1 (1 − q^n) , (A.9)

where q = exp(2πiτ) and its modular transformation is given by η(τ + 1) = e^{πi/12}η(τ) , η ( − 1 τ ) = √ −iτη(τ) . (A.10) 8We are grateful to J. Teschner for pointing out the regularization dependence of the comparison of annuals and Möbius strip amplitudes.

– 12 –

References

[1] O. Aharony, S.S. Gubser, J.M. Maldacena, H. Ooguri and Y. Oz, Large-N field theories, string theory and gravity, Phys. Rept. 323 (2000) 183 [hep-th/9905111].

[2] S. Stanciu, D-branes in an AdS_3 background, J. High Energy Phys. 09 (1999) 028 [hep-th/9901122].

[3] J.M. Figueroa-O’Farrill and S. Stanciu, D-branes in AdS_3 × S^3 × S^3 × S^1, J. High Energy Phys. 04 (2000) 005 [hep-th/0001199].

[4] C. Bachas and M. Petropoulos, Anti-de-sitter D-branes, J. High Energy Phys. 02 (2001) 025 [hep-th/0012234].

[5] P.M. Petropoulos and S. Ribault, Some remarks on anti-de Sitter D-branes, J. High Energy Phys. 07 (2001) 036 [hep-th/0105252].

[6] P. Lee, H. Ooguri, J. w. Park and J. Tannenhauser, Open strings on AdS_2 branes, Nucl.

Phys. B 610 (2001) 3 [hep-th/0106129].

[7] A. Giveon, D. Kutasov and A. Schwimmer, Comments on D-branes in AdS_3, Nucl. Phys. B 615 (2001) 133 [hep-th/0106005].

[8] Y. Hikida and Y. Sugawara, Boundary states of D-branes in AdS_3 based on discrete series,

hep-th/0107189.

[9] A. Rajaraman and M. Rozali, Boundary states for D-branes in AdS_3, hep-th/0108001. [10] A. Parnachev and D.A. Sahakyan, Some remarks on D-branes in AdS_3, J. High Energy Phys.

10 (2001) 022 [hep-th/0109150].

[11] A. Rajaraman, New AdS_3 branes and boundary states, hep-th/0109200. [12] P. Lee, H. Ooguri and J.-w. Park, Boundary states for AdS_2 branes in AdS_3,

hep-th/0112188.

[13] B. Ponsot, V. Schomerus and J. Teschner, Branes in the euclidean AdS_3, J. High Energy Phys. 02 (2002) 016 [hep-th/0112198].

[14] C. Bachas, J. de Boer, R. Dijkgraaf and H. Ooguri, Permeable conformal walls and holography, hep-th/0111210.

[15] N. Ishibashi, The boundary and crosscap states in conformal field theories, Mod. Phys. Lett.

A 4 (1989) 251.

[16] J.L. Cardy, Boundary conditions, fusion rules and the verlinde formula, Nucl. Phys. B 324 (1989) 581.

[17] C.G. Callan, C. Lovelace, C.R. Nappi and S.A. Yost, Adding holes and crosscaps to the superstring, Nucl. Phys. B 293 (1987) 83.

[18] J. Polchinski and Y. Cai, Consistency of open superstring theories, Nucl. Phys. B 296 (1988) 91. [19] G. Pradisi, A. Sagnotti and Y.S. Stanev, Planar duality in SU(2) WZW models, Phys. Lett.

B 354 (1995) 279 [hep-th/9503207].

[20] G. Pradisi, A. Sagnotti and Y.S. Stanev, The open descendants of nondiagonal SU(2) WZW models, Phys. Lett. B 356 (1995) 230 [hep-th/9506014].

– 13 –

[21] G. Pradisi, A. Sagnotti and Y.S. Stanev, Completeness conditions for boundary operators in 2D conformal field theory, Phys. Lett. B 381 (1996) 97 [hep-th/9603097].

[22] I. Brunner, On orientifolds of WZW models and their relation to geometry, J. High Energy Phys. 01 (2002) 007 [hep-th/0110219].

[23] L.R. Huiszoon, K. Schalm and A.N. Schellekens, Geometry of WZW orientifolds, Nucl. Phys.

B 624 (2002) 219 [hep-th/0110267].

[24] C. Bachas, N. Couchoud and P. Windey, Orientifolds of the 3-sphere, J. High Energy Phys.

12 (2001) 003 [hep-th/0111002].

[25] N. Couchoud, D-branes and orientifolds of SO(3), J. High Energy Phys. 03 (2002) 026 [hep-th/0201089].

[26] Y. Hikida, Orientifolds of SU(2)/ U(1) WZW models, hep-th/0201175. [27] V. Fateev, A.B. Zamolodchikov and A.B. Zamolodchikov, Boundary Liouville field theory 1.

Boundary state and boundary two-point function, hep-th/0001012. [28] J. Teschner, Remarks on Liouville theory with boundary, hep-th/0009138. [29] A.B. Zamolodchikov and A.B. Zamolodchikov, Liouville field theory on a pseudosphere,

hep-th/0101152.

[30] K. Hosomichi, Bulk boundary propagator in Liouville theory on a disc, J. High Energy Phys.

11 (2001) 044 [hep-th/0108093].

[31] B. Ponsot and J. Teschner, Boundary Liouville field theory: boundary three point function, Nucl. Phys. B 622 (2002) 309 [hep-th/0110244].

[32] T. Fukuda and K. Hosomichi, Super Liouville theory with boundary, hep-th/0202032. [33] C. Ahn, C. Rim and M. Stanishkov, Exact one-point function of N = 1 super-Liouville theory with boundary, hep-th/0202043.

[34] D.C. Lewellen, Sewing constraints for conformal field theories on surfaces with boundaries, Nucl. Phys. B 372 (1992) 654.

[35] D. Fioravanti, G. Pradisi and A. Sagnotti, Sewing constraints and nonorientable open strings, Phys. Lett. B 321 (1994) 349 [hep-th/9311183].

[36] J.M. Maldacena, G.W. Moore and N. Seiberg, Geometrical interpretation of D-branes in gauged WZW models, J. High Energy Phys. 07 (2001) 046 [hep-th/0105038].

[37] K. Gawȩdzki, Noncompact WZW conformal field theories, hep-th/9110076. [38] J. Teschner, On structure constants and fusion rules in the SL(2, C )/ SU(2) WZNW model, Nucl. Phys. B 546 (1999) 390 [hep-th/9712256].

– 14 –